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Abstract 

We describe the period matrix and other data on a higher genus 
Riemann surface in terms of data coming from lower genus surfaces via 
an exphcit sewing procedure. We consider in detail the construction 
of a genus two Riemann surface by either sewing two punctured tori 
together or by sewing a twice-punctured torus to itself. In each case 
the genus two period matrix is explicitly described as a holomorphic 
map from a suitable domain (parameterized by genus one moduli and 
sewing parameters) to the Siegel upper half plane EI2. Equivariance 
of these maps under certain subgroups of 5*^(4, Z) is shown. The 
invertibility of both maps in a particular domain of IHI2 is also shown. 
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1 Introduction 



This paper is the second of a series intended to develop a mathematically 
rigorous theory of chiral partition and n-point functions on Riemann surfaces 
at all genera, based on the theory of vertex operator algebras. The purpose 
of the paper is to provide a rigorous and explicit description of the period 
matrix and other data on a higher genus Riemann surface in terms of data 
coming from lower genus surfaces via an explicit sewing procedure. In partic- 
ular, we consider and compare in some detail the construction of a genus two 
Riemann surface in two separate ways: either by sewing two tori together or 
by sewing a torus to itself. Although our primary motivation is to lay the 
foundations for the explicit construction of the partition and n-point func- 
tions for a vertex operator algebra on higher genus Riemann surfaces |MT2j , 
we envisage that the results herein may also be of wider interest. 

As is well-known (cf. jH] for a systematic development), the axioms 
for a vertex (operator) algebra V amount to an algebraicization of aspects 
of the theory of gluing spheres, i.e. compact Riemann surfaces of genus 
zero. A quite complete theory of (bosonic) n-point functions at genus one 
was developed by Zhu in his well-known paper [Zj. For particularly well- 
behaved vertex operator algebras (we have in mind rational vertex operator 
algebras in the sense of |DLMj ). Zhu essentially showed that the n-point 
functions, defined as particular graded traces over V, are elliptic and have 
certain SL{2,Z) modular-invariance properties^ with respect to the torus 
modular parameter r. A complete description of bosonic Heisenberg and 
lattice VOA n-point functions is given in |MTlj . Apart from its intrinsic 
interest, modular-invariance is an important feature of conformal field theory 
and its application to string theory e.g. [F], |GSWj . Mathematically, it 
has been valuable in recent developments concerning the structure theory of 
vertex operator algebras |DMlj . |DM2j . and it may well play an important 
role in geometric applications such as elliptic cohomology and elhptic genus. 
These are all good reasons to anticipate that a theory of n-point functions at 
higher genus will be valuable; another is the consistency of string theory at 
higher loops (genera). Our ultimate goal, then, is to emulate Zhu's theory by 
first defining and then understanding the automorphic properties of n-point 
functions on a higher genus Riemann surface where the modular variable r 

^The general conjecture that the partition function is a modular function if V is rational 
remains open. 



2 



is replaced by the period matrix a point in the Siegel upper half-space 
Mg at genus g. 

When one tries to implement the vision outlined above at genus g > 2, 
difficulties immediately arise which have no analog at lower genera In 
Zhu's theory, there is a clear relation between the variable r and the relevant 
vertex operators: it is not the definition of n-point functions, but rather the 
elucidation of their properties, that is difficult. At higher genus, the very 
definition of n-point function is less straightforward and raises interesting 
issues. Many (but not all) of these are already present at genus 2, and it is 
this case that we mainly deal with in the present paper. 

A very general approach to conformal field theory on higher genus Rie- 
mann surfaces has been discussed in the physics literature |MSj , jSo] , |DPj , |VVj , [F] . 
In particular, there has been much progress in recent years in understanding 
genus two superstring theory jPPIj . |DPVIj . |DGPj . The basic idea we follow 
is that by cutting a Riemann surface along various cycles it can be reduced to 
(thrice) punctured spheres, and conversely one can construct Riemann sur- 
faces by sewing punctured spheres. It is interesting to note that Zhu's g = 1 
theory is not formulated by sewing punctured spheres per se, but rather by 
implementing a conformal map of the complex plane onto a cylinder. Tracing 
over V has the effect of sewing the ends of the cylinder to obtain a torus. 
This idea does not generalize to the case when g = 2, and we must hew more 
closely to the sewing approach of conformal field theory. Roughly speaking, 
what we do is sew tori together in order to obtain a compact Riemann sur- 
face S of genus 2 and which is endowed with certain genus 1 data encoded 
by V via the Zhu theory |Tj. There are two essentially different ways to 
obtain S (which, for simplicity, we take to have no punctures in this work) 
from genus 1 data: either by sewing a pair of once-punctured complex tori, 
or by sewing a twice punctured torus to itself (attaching a handle). These 
two sewing schemes will give rise to seemingly different theories and different 
definitions of n-point functions. These issues are discussed in detail in the 
sequel pT2] . 

We now give a more technical introduction to the contents of the present 
paper. Notwithstanding our earlier discussion of the role of vertex opera- 
tors, they do not appear explicitly in the present work! We are concerned 
here exclusively with setting up foundations so that the ideas we have been 
discussing are rigorous and computationally effective. Section |21 records the 
many modular and elliptic-type functions that we will need. In the paper 
|Y] . which is very important for us, Yamada developed a general approach 
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to computing the period matrix of a Riemann surface S obtained by sewing 
Riemann surfaces 5*1, 5*2 (which may coincide) of smaller genus. In Sections 
El and m we develop the theory in the case that Si and 5*2 are distinct. We 
refer to this as the e-formalism, e itself being a complex number which is a 
part of the data according to which the sewing is performed. (See Figure 1 
below). We begin in Section |21 with some of the details of Yamada's general 
theory, and make some explicit computations. In particular, we introduce 
infinite matrices Aa for a = 1,2, whose entries are certain weighted moments 
of the normalized differential of the second kind on Sa- These matrices deter- 
mine another infinite matrix X whose entries are weighted moments of the 
normalized differential of the second kind on S fProposition 13. 5|) . and this 
in turn determines the period matrix fi^^^ of S f Theorem 13. 9p . In particular, 
the infinite matrix 



plays an important role (/ is the infinite unit matrix). The entries of this 
matrix depend on data coming from Sa, and in particular they are power 
series in e. We show f Theorem 13. 7|) that (Q) has a well-defined determinant 
det(/ — A1A2) which is holomorphic for small enough e. Section |21 ends with 
some additional results concerning the holomorphy of det(/ — y4iy42) and fi*^^^ 
in various domains. 

In Section 13] we study in more detail the case in which the Sa have genus 
1, so that they have a modulus G Hi. The triple (Ti,r2,e) determines a 
genus 2 surface as long as the three parameters in question satisfy a certain 
elementary inequality. This defines a manifold V^{Ti,T2,e) C Hi x Hi x C 
consisting of all such admissible triples. Associating to this data the genus 
two period matrix = fi*^^^(ri, T2, e) of S defines a map 



which is important for everything that follows. When we introduce partition 
functions in the e-formalism at (? = 2 in the sequel to the present paper |MT2j , 
they will be functions on V^, not H2. The map F*^ interpolates between the 
two domains. We obtain (Theorem 14. 2p an explicit expression for the genus 
2 period matrix 



/ - A1A2 




V\Ti,T2,e) 

(T"i,T^2,e) 



^2 



(2) 
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determined by an admissible triple. Each turns out to be essentially a 
power series in e with coefficients which are^ quasimodular forms, i.e. certain 
polynomials in the Eisenstein series i?2(Tj), E^lTi), E^lTi) for i = 1,2. More- 
over F*^ is an analytic map, and we show fTheorem 14. 6j) that it is equivariant 
with respect to the action of a group G = {SL{2,Z) x SL{2,Z)) I Z2 (the 
wreathed product of SL{2, Z) and Z2). G embeds into S'p(4, Z) in a standard 
way, and this defines the action of G on EI2. The action on is explained in 
Subsection 14.41 These calculations are facilitated by an alternate description 
f Proposition 14. 4|) of the entries of (jH} in terms of combinatorial gadgets that 
we call chequered necklaces. They are certain kinds of graphs with nodes 
labelled by positive integers and edges labelled by quasimodular forms, and 
they play a critically important role in the sequel to the present paper. We 
show f Proposition 14. 8|) that about any degeneration point p where e = (i.e. 
the two tori 5*1, S2 touch at a point), there is a G-invariant neighborhood of 
p throughout which F"^ is invertible. 

Sections El and IHl are devoted to development of the corresponding for- 
malism in the case that S is obtained by self-sewing (i.e. attaching a handle 
to) a surface 5"! of one lower genus. We refer to this as the p-formalism. 
Although we are able to achieve results that parallel the development of the 
e-formalism outlined in the previous paragraph, it is fair to say that of the 
two, the p-formalism is the more complicated. In Section El we first discuss 
the results of Yamada (loc. cit.) in a general p-formalism, and calculate 
weighted moments as before. This leads us to introduce the analog of (^, 
namely 

I-R, (4) 

where R is an infinite matrix whose entries are 2x2 block matrices determined 
by weighted moments of the normalized differential of the second kind on 5*1. 
As before, the entries of R are holomorphic in p, and we show fTheorem l5.5|] 
that det (J — i?) is defined and holomorphic in a certain p-domain. The matrix 
R then determines the period matrix on S f Theorem 15. 8p . We also discuss 
several sewing scenarios for self-sewing a sphere, including one (Proposition 
I5.13|) where the Catalan series, familiar from combinatorics jSt], plays an 
unexpected role. 

In Section |H1 we investigate in detail the self-sewing of a twice- punctured 
torus with modulus r G Hi to form a genus two Riemann surface. As before 

^Notation for modular and elliptic-type functions is covered in Section 2. 
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sewing determines a map 

■.VP{t,w,p) H2 (5) 

where now T>^{t, w, p) C Hi x C x C determines the admissible sewing param- 
eters {w describes the relative position of the punctures). Again we obtain 
(Theorem 16. ip explicit formulas for the entries of the matrix 



, o(2) n(2) , 
n^'\r,w,p)={ 1 (6) 



and show that F'' is holomorphic. Roughly speaking, the entries of R and the 
in this case are power series in p with coefficients which are quasimod- 
ular and elliptic functions in the variables r, w. We provide a combinatorial 

description of (jH)) in terms of a notion of chequered necklace suitably mod- 

(2) 

ified compared to the e case. A complicating factor is that ^22 involves a 
logarithm of (the inverse square of) the prime form on 5*. Because of this, it 
is necessary to pass to a covering space of V before equivariance proper- 
ties can be considered. This is carried-out in Section IHSl where we construct 
a diagram 

VP Ha 

We show f Theorem 16. 8p that the map Fp is equivariant with respect to a 
group L described as a semi-direct product of SL{2, Z) and the (nonabelian) 
Heisenberg group H = Z^"*"^ (a 2-step nilpotent group with center Z). Again 
L acts on IHI2 via an embedding into 5^(4, Z) and on T>p in a manner pre- 
scribed in Theorem 16.71 In Subsection 16.41 we obtain the expected local 
invertibility of Fp about a point of degeneration, which is a bit more subtle 
than degeneration in the e-formalism. One of the reasons for establishing the 
local invertibility results is that once obtained, we have a way of comparing 
the two sewing domains and Vp, at least in some regions, by looking at 

{FP )-' o F\ (7) 

In the final Section El ((Tj) is briefly discussed, where we observe that it is 
equivariant with respect to a common subgroup of G and L isomorphic to 
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SL{2,'£). The Appendix concludes with the exphcit formulas for Vl^"^^ to 
O(e^) in the e-formalism and to 0{p^) in the p-formalism. 

2 Some Elliptic Functions 

We briefly discuss a number of modular and elliptic-type functions that we 
will need. The notation we introduce will be in force throughout the paper. 
The Weierstrass elliptic function with periods^ a, ^ G C* is defined by 

p{z,a,^) = \+ V [- ^ -]. (8) 

2;^ [z — ma — nqV [ma + nqV 

Choosing q = 27ri and a = 27rir (r will always lie in the complex upper 
half-plane H), we define 

P2iT,z) = p{z,2TTiT,27li) + E2iT) 
^ 00 

k=2 

Here, E^ir) is equal to for k odd, and for k even is the Eisenstein series 

jHil 

^ ' n>l 

Here and below, we take q = exp(27rir); ak-i{n) = J2d\n^^~^^ is the 

fcth Bernoulli number defined by 

t t ^ 

1 + = E^^- 



e*-l 2 ^ ^k\ 

k>2 



12 720 30240 ^ 



P2 can be alternatively expressed as 



p^i-^ = j^2 + E + c"), (10) 



^The period basis is more usually denoted by u!i,lu2- 
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where Qz = exp{z). If A; > 4 then Ek{T) is a holomorphic modular form of 
weight k on S'L(2,Z). That is, it satisfies 



for all 7 = ( ^ ) G 5L(2,Z), where we use the standard notation 



EtijT) = (CT + dfEtir) 

c d 

ar + b 

7r = — . 11 

CT + a 

On the other hand, E2{t) has an exceptional transformation law 

E,M = {cT + dfE,{r) - ±[±^, (12) 

The first three Eisenstein series E2{t), E^^t), Eq{t) are algebraically indepen- 
dent and generate a weighted polynomial algebra Q = C[E2{t), E4^{t), Eq{t)] 
which, following |KZj . we call the algebra of quasimodular forms. 
We define Pi (r, z) by 

Pi{T.z) = -^-Y,Ek{r)z'-\ (13) 

k>2 

where P2 = —j^Pi and Pi + ZE2 is the classical Weierstrass zeta function. 
Pi is quasi-periodic with 

Pi(r,z + 27rz) = Pi{t,z), 
Pi{T,z + 27iiT) = Pi{t,z)-1. (14) 

We also define Po{t, z), up to a choice of the logarithmic branch, by 

Po(r, z) = - \og{z) + J2 \Ek{r)z\ (15) 

k>2 

where Pi = — j^Pq- We define the elliptic prime form K(r, z) by |Muj 

ir(r,z)=exp(-Po(r,^)), (16) 

so that P2 = ^ log K. (expi^z"^ E2/2)K(t, z) is the classical Weierstrass sigma 
function). K{t,z) is quasi-periodic with 

K{T,z + 2m) = -K{t,z), 
K{T,z + 27TiT) = -q;\~^/^K{T,z) (17) 
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K{t, z) is an odd function of z and can be expressed as 

K{r,z)^-'^^^^z + 0{z% (18) 

where 6i{t, z) — S„gz exp(7rir(n + 1/2)'^ + {n + l/2){z + in)) and 

^(r) = gi J](l-g-) (19) 

n>l 

is the Dedekind eta function. 

Define eUiptic functions Pjk(r, z) for k > 3 from the analytic expansion 

Pi(t, z-w) = J2 Pk{r, z)w'-' (20) 

k>l 

where 

Finally, it is convenient to define for k,l = 1,2,... 

C{k,l) = C{k,l,T) = (-l)''" \^^^^);(7!^|), -g^+KT), (22) 

D(A;,Z,z) = i;(A;,Z,r,z) ^ (-ir ^^^j^j^^l^. -P^+Kr, ^). (23) 

Note that C{k,l) = C{l,k) and D{k,l,z) = {-l)''+^D{l,k, z). These natu- 
rally arise in the analytic expansions (in appropriate domains) 

P2(r, z-w) = + 5] C{k, l)z^~'w'-\ (24) 



and for A; > 1 



n+i(r,;.) = ;^ + ^E^(^'0^'"'' (25) 
Pfc+i(T,^-w) = ^ J]D(A;,/,«;)^^-\ (26) 
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3 The e Formalism for Sewing Together Two 
Riemann Surfaces 



In this section we review a general construction due to Yamada |Y] for 
" sewing" together two Riemann surfaces of genus gi and g2 to form a surface 
of genus Qi + g2- The principle aim is to describe various structures such 
as the genus gi + g2 period matrix in terms of data coming from the genus 
gi and genus g2 surfaces. The basic method described below follows that of 
Yamada. However, a significant number of changes have been made in order 
to express the final formulas more neatly. We also discuss the holomorphic 
properties of the period matrix and of a certain infinite dimensional deter- 
minant. In the next section, this general formalism will be applied to the 
construction of a genus two Riemann surface. 



3.1 The Bilinear Form u^^^ and the Period Matrix Q^^^ 

Consider a compact Riemann surface S of genus g with canonical homology 
basis ai^ . . . ag, bi, . . . bg. In general there exists g holomorphic 1-forms 
i = 1, . . . g which we may normalize by |FKlj . |Sp| 



= 2m6ij. (27) 

These forms can be neatly encapsulated in a unique singular bilinear two form 
uj^^\ known as the normalized differential of the second kind. It is defined by 
the following properties |Sp| , |Muj . |Yj : 

,y) = (- — + regular teYms)dxdy (28) 

[X y) 

for any local coordinates x, y, with normalization 

.) = (29) 
for i = 1, . . . ,g. Using the Riemann bilinear relations, one finds that 

i/(^)(a;) = / J'\x,-), (30) 
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with z/|^'' normalized as in (j2Zj). The genus g period matrix fi*^^^ is then defined 
by 

for i, j = 1, . . . , g. It is useful to also introduce the normalized differential of 
the third kind iMul, El 



P2 

Pi 



4tp.i^)= I ^^^H^r), (32) 



for which ^^pa-pi ~ ^- -^^^ ^ local coordinate x near pa for a = 1,2 we 
have 



^pf-'Pii^) ~ iz — Z — I" I'sgular terms)cia:. 



X-Pa 

Both uj^^\x,y) and ujp^^__p^{x) can be expressed in terms of the prime form 

1 _l^ 
'2' 2' 



P2~Pl ^ 

K^^\x, y){dx)~^^'^{dy)~^^'^ , a holomorphic form of weight {—\, —\) with |Muj 



J'^\x,y) = d,dy\ogK^3\x,y)dxdy, (33) 
K^s)[x,pi) 



We also note that K^^\x,y) = —K^^\y,x) and that K^^\x,y) = x — y + 

0((x-y)3). 

Example 3.1. For the genus one Riemann torus with periods 27ri and 27rir 
along the a and b cycles, the holomorphic 1-form satisfying in the usual 
parameterization is ^[^^ = dz . The normalized differential of the second kind 
is determined by P2{t, z) via 

uj^^\x,y) = P2{t,x — y)dxdy, . (35) 

In this case, \2y\) and |23) follow from \14\! , o,nd Vt^^^ = r. The normalized 
differential of the third kind is uj^^_p^{x) = (-Pi(t, x — P2) — -Pi(t, x — Pi))dx 
and the prime form is K^^'^^x, y) = K(t, x — y) of M(^) . 

It is well-known that fi^^^ is a complex symmetric matrix with positive- 
definite imaginary part, i.e. 

e Hg, the genus g Siegel complex upper 
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half-space. The intersection form S is a natural non-degenerate symplectic 
bilinear form on the first homology group Hi{S, Z) = I?^, satisfying 

E{ai,aj) = E{bi,bj) = 0, E{ai,bj) = 6ij, i,j = l,...,g. 

The genus g symplectic group^ is 

Spi2g,Z) = {7 = f ^ n 1 eSLi2g,Z)\ 



D ^ 

AB^ = BA^,CD'^ = D'^CAD^ - BC^ = Ig}. 
It acts on Mg via 

7.fi(5)= {AQ^^'^ + B){Cn^3^ + D)-\ (36) 
and naturally on i^i(5,Z), where it preserves S. 



3.2 The e Formalism for Sewing Two Riemann Sur- 
faces 

We now discuss a general method described by Yamada |Y, for calculating 
the bilinear form ()28|) and hence the period matrix on the surface formed by 
sewing together two Riemann surfaces. Consider two Riemann surfaces Sa of 
genus for a = 1, 2. Choose a local coordinate Za on Sa in the neighborhood 
of a point Pa, and consider the closed disk \za\ < for > sufficiently 
small. (Note that the choice = 1 is made in ref. 0). Introduce a complex 
sewing parameter e where |e| < rir2, and excise the disk 

{Za, \Za\ < M/ra} C Sa 

to form a punctured surface 

Sa = Sa\{Za, \Za\ < \e\/ra}. 

Here and below, we use the convention 

1 = 2, 2 = 1 (37) 

Define the annulus 

^Here and elsewhere, the transpose of a matrix or vector is denoted by T 
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Aa = {Za, \e\/ra < \Za\ < r^} C Sa 

and identify Ai and A2 as a single region A = Ai 
relation 



Z1Z2 



e. 



A2 via the sewing 
(38) 



Z2 = 




|e|/^2 M/ri 
Fig. 1 Sewing Two Riemann Surfaces 

In this way we obtain a compact Riemann surface {iSj^\^i}U{iS2\^2}U^ 
of genus gi + g2- The sewing relation (jHH|) can be considered to be a param- 
eterization of a cylinder connecting the two punctured Riemann surfaces. 
Noting the notational differences with ref. 0, the genus gi + (72 normalized 
differential of the second kind cu^^i+sz) of ()28p enjoys the following properties: 



Theorem 3.2 (Ref. jYj, Theorem 1, Theorem 4). 

(a) C(j*^^^+^2) ig holomorphic in e for |e| < rir2; 

(b) lim,^o^^^^+^'^(x,y) =cu(f")(x,y)5,fe /or xg5„i/G 4, a, 6= 1,2. □ 

Regarded as a power series in e, the coefficients of lu^^'^^^^^ can be cal- 
culated from uj^^'^^ and 

as follows. Let Ca{za) C Aa dcuotc a simple, 
closed, anti-clockwise oriented contour parameterized by Za, surrounding the 
puncture at Za = 0. Note that Ci{zi) may be deformed to — C2(-22) via 
Then one finds jYj: 

Lemma 3.3 (op. cite., Lemma 4). 

1 



27Ti 



[UJ 



(91+92) 



Ca{Za) 



UJ 



(9a) I 



X, ■)) 



(39) 



for X G Sa, y & Sb and a,b = 1,2. □ 
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Define weighted moments for uj^^'^'^^^^ for fc, / = 1, 2, . . . by 
Xab{k,l) = Xab{k,l,e) 

(^k-\-l)/2 ACT 

= ' f i u-'v-'u;^^^+^^\u,v). (40) 

Vkl {2my Jc^^^) Jc^^^) 

The e'^'^+'^/^/v^ factor is introduced for later convenience. Note that 

Xab{k,l)=XUl,k) (41) 

and that e'^''^^^^^Xab{k,l,e) is holomorphic in e for |e| < rir2 from Theorem 
13 .21 We define Xab = {Xab{k, I)) to be the infinite matrix indexed by k, I. 
Next define a set of holomorphic 1-forms on Sa by 

aa{k,x) = aa{k,x,e) = j= 6 z~'=cj(f")(x, 2;^), (42) 

2niVk Jca{za) 

and define aa{x) = {aa{k, x)) to be the infinite row vector indexed by k. Note 
from (^Hjl that for x,y E Sa with s 7^ we have 



= J2^^~''^'(^aik,x)y'-'dy. (43) 

A;>1 

Using Lemma f3. 31 we have: 
Lemma 3.4. uj^^'^'^^'^\x,y) is given by 

J'^+a^\x,y) = [ ^^'^K^.y) + <^a{x)X-a-aal{y) x,ye Sa, ^ ^^^^ 

\ aa{x){-I + Xaa)al{y) XeSa, yeSa. 

Proof. From it follows that 

/ J^"\x,-) = J2^^aik,x)zl (45) 
Jo Vk 

Letx,y e Si. Using (EH) and ^ we find that cj^^i+f^))^^,^ ^) 
is given by 

~k/2 k r 

aiik,x)i-^ f z^''J^^^^-\y,z,)) (46) 



C2{Z2) 



J2 -^ai{k,x)ai{l,y)—-- i i z:^W^^''''''\^2,w,), 

Vkl i^-^iy Jc^M Jc2iz2) 
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giving for x,y E <Si. 

For X E <Si, ?/ G 1S2 we find that uj^^'^~^^^\x, y) is given by 



l^^'2 k f 

E f ^2'^^''^''\y,^2)) (47) 

= -'^ai{k,x)a2ik,y) 

k>l 

+ E -^a^ik,x)a2il,y)——, f f z^'z^''u;^^^+^-\z„ z^), 

giving (jH)). A similar analysis follows for x,y E Si and x E S2, y E Si. □ 
We next compute the explicit form of the moment matrix Xab in terms 
of the moments of uj^^''\ which we denote by 

AaikJ) = Aa{k,l,e) = ^ i i x-^y'^uj^''-\x,y) 

(27rz)VA;/ Jca{x) Jca{y) 



(f) x-'aa{l,x). (48) 

(x) 



2T:%\fk Jca 

Note from that ioY x,y E Sa we have 

[X - yy 

= yi^7^T-^i f u-^v-^uj^a-\u,v)}x^-^y^-Hxdy, 
kj^i y^^^y Jca{u) Jca{v) 

= ^^le-^^+'^'^Aa{k,l,e)x^-W^dxdy. (49) 

k,l>l 

Proposition 3.5. The matrices Xab are given in terms of Aa by 

Xaa = Aa{I - A-aAa)-\ (50) 

Xa, = I - {I - AaA-a)-\ (51) 

Here, 

{I-AaA,)-' = Y,{AaA,r (52) 

ra>0 

and is convergent as a power series in e for \e\ < rir2- 
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Proof. Compute Xu from (j46|) to find 

e(fc+0/2 I 



Xn{k,l) 



kl i2my 



Ci(x) JCi{y) 



'ml {^T^^r Jci{y)Jc2{z2) 

and similarly for X22- Thus using (|48p and recalling (|4ip we have 

Xaa = A,{I-X-aa). (53) 

We may find X12 from (j47|) as follows: 



™>i 

g(m+/)/2 ]_ 



m/ (27ri)2 



C2(y) ^C2{^2) 



and similarly for X21 i.e. 



4 



(54) 



Define infinite block matrices 



X 



Xu X12 
X21 X22 



A 



Ai 
A2 



Q 



so that EH) can be combined as 

X = A + QX, 

so that 

X = (/-Q)-M. 



-Ai 
-A2 



(55) 

(56) 
(57) 



Here {I — Q) ^ = Y2n>oQ^ which we now show converges for |e| < rir2. 
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Consider X = A + AX + Q'^X. Then since = diag(AiA2, we 
obtain iterative relations 



(58) 
(59) 



^aa — Aa{I -\- AaXaa)^ 
I-Xa-a = I + AaA-ail - Xa-a). 

Now e~''^^'''''^Xafe(fc, Z) is holomorphic in e for |e| < rir2 by Theorem 
Therefore, Xab{k,l) has a series expansion in e^^^ convergent for |e| < rir2. 
Then m imphes X^aikJ) = (Elo(^a^a)M„)(fc, Z) + 0(e('=+')/2+2A^+i) 
where the coefficient of each power of e consists of a finite sum of finite 
products of y4i and A2. Hence 



-^aa — ^ ] Aa^AgAa)"' — Aa{I — AaAa) ^, 
n=0 

converges for |e| < rir2. A similar argument holds for Xaa where one finds 

00 

Xa, = ^(A,A,)" = /-(/- A,A,)-' 



n=l 



converges for |e| < rir2. Finally 

(j-g)-i = 5^g" = 5^g2"(/ + g) 



n>0 



n>0 



is therefore also convergent for |e| < rir2. □ 

The invertibility of the infinite matrix / — A1A2 for |e| < rir2 is crucial 
in the e sewing formalism. We now define an infinite determinant of / — 
A1A2 which we show is a holomorphic function of e for |e| < rir2. This 
determinant plays a dominant role in the sequel to this work |MT2j . Firstly, 
since Ai{k, m)A2{m, I) = 0(e'"+('=+')/2) j^^y define a {2N - 3) x {2N - 3) 
matrix 

Tj,{k,l)= Ai(A;,m)A2(m,/), (60) 

l<m<Ar-(fc+0/2 

for 1 < A;, Z < 2N — 3. T/v is a truncated approximation for A1A2 to O(e^) 



( Tn ■ ■ ■ \ 
■■■ 



+ 0(e 
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We may then define as formal power series in e to 0(e ) tlie expressions^ 

det(J-AiA2) = det(J;v-T^) +0(e^+i), (61) 
Tr log(/-AiA2) = TrIog(/;v-T;v) + 0(e^+i), (62) 

where Tr log(/^ -T^) = - ^^/^ l.Tr{T^) + 0(e^+i). Comparing the finite 
matrix contributions of and (jU^ we have 

Lemma 3.6. As formal power series in e 

\ogdet{I - A1A2) =Tr\og{I - A1A2). □ (63) 

We now show that Trlog(J — ^1^42) is holomorphic in e for |e| < rir2 so 
that: 

Theorem 3.7. det(/ — ^1^12) is non-vanishing and holomorphic in e for 
|e| < rir2. 

Proof. Let cu'^^^^^^) = f(zi, Z2, e)dzidz2 for \za\ < Va- Then f{zi,Z2,e) is 
holomorphic in e for |e| < r for r < rir2 from Theorem 13.21 Apply Cauchy's 
inequality to the coefficient functions for f{zi,Z2,e) = '^n>o fni^T-j ^2)^"" to 
find 

\fn{zuZ2)\<^, (64) 

for M — sup|2^j<^^ \f[zi,Z2,€)\. Consider 

^=7^ / / c.(^^+^^)(^i,Z2)log(l - ^), (65) 
for Cr^{za) the contour with \za\ = r^. Then using ()64|) we find 

1^1 - ^7^^ f i l/n(2:i,^2)log(l —)dZidZ2\ 

lei" lei 
< VM.^^.|log(l-^)|.rir2, 

n>0 ^ ^ 



^For the sake of notational simplicity we denote both the usual finite dimensional and 
the defined infinite dimensional determinants by det. 
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i.e. X is absolutely convergent and thus holomorphic in e for |e| < r < rir2. 
Since \ziZ2\ = rir2 we may alternatively expand in ej z^z^ to obtain 

= -TrXi2, 

where TrXia = Efe>i ^12 (A;, ^) for X12 of dHl)- But ^ implies 

TrXi2 = -5^Tr((AiA2r), 

n>l 

is absolutely convergent for |e| < txt^- Hence we find 

Tr log(/ - = - V -Tr((AiA2)"), 

n>l 

is also absolutely convergent for |e| < r\r2- Thus from Lemma l3.6[ det(/ — 
A\A2) is non-vanishing and holomorphic for |e| < r\r2- □ 

These determinant properties can also be expressed in terms of the block 
matrix Q using^ 

Lemma 3.8. det(/ ±Q) = det(/ - A1A2). 

Proof. Let Qat be the truncated approximation for Q to O(e^). Then 
one finds det(/ + Qat) = det(/ - Qat). But det(/ + QAr)det(J - Qat) = 
det(J - Q\) = det(/ - T^Y for Tn of §^ and the result follows. □ 

The sewn genus gi+g2 Riemann surface naturally inherits a basis of cycles 
labelled {as^,bs^\si = l,...,gi} and {as2,&s2|s2 = gi + 1, . . . , gi + g2} from 
the genus gi and genus g2 surfaces respectively. Integrating ^7(^1+^2) along 
the b cycles then gives us the holomorphic 1-forms and period matrix. For 
a = 1, 2 we define 

ail^\k) = I aaik), (66) 

and the infinite vector aii"^ = {ail''\k)). Then we find using (IHUj) and (|^ 
together with Lemma 13.41 and Proposition 13.51 that : 

^See the previous footnote. 
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Theorem 3.9 (op. cite. Theorem 4.). ^1^31+92) j^g holomorphic in e for 
|e| < rir2, and is given by 

27rznif+^^) = 2mn^fi + ai^^^\A,iI - A,A,)-')aif^ , (67) 
27rtni%t'^^ = 27r^nili+aif{A^{I-A,A,)-')alf^, (68) 

= -a(f)(/-AiA2)-i«(f)^. (69) 
withsi,ti e {l,...,gi} ands2,t2 G {gi + I, . . . , gi + ■ □ 



Example 3.10. Let Si be a genus g surface and S2 the Riemann sphere 
C U {00} with bilinear form 

J'\x,y) = j^^^, x,yeS2. (70) 

Choose P2 = with Z2 & C as the local coordinate on 1S2. Then a2{k,x) = 
y/^gfc/2^-fc-i^^ /rom (''''T'd hence A2 = from \4^ - Thus X22 = Ai and 
Xii = X12 = X21 = 0. Then one can check that the RHS of l{44\ ) reproduces 
LU^^^ directly for a = b = 1 whereas, using IIS^) . it follows for a = b = 2 from 
(17^ and for a ^ b from 

Let us now consider the holomorphic properties of From Theo- 

rem Eill uj^^'^~^^'^\x, y) is holomorphic in e for |e| < rir2 and therefore VL^^^^^'^^ 
is also. We now show that if cu*-^"'' is holomorphic with respect to a complex 
parameter (such as one of the modular parameters of the Riemann surface 
So) then uj^3i+a2) g^^^ therefore fi^^^^+s^) jg q\^q holomorphic with respect to 
that parameter. To this end we firstly prove the following elementary lemma: 

Lemma 3.11. Let f{x, y) be a complex function holomorphic in x for \x\ < R 
with expansion f{x,y) = X]m>o '^"^(^)'^"^- Suppose that each Cmiy) is holo- 
morphic and that f{x,y) is continuous in y for \y\ < S. Then f{x,y) is also 
holomorphic in y for \y\ < S . 

Proof. Define the compact region TZ = {{x,y) : \x\ < |y| < S-} for 
R- = R — 61 and S- = S — 62 ioi 61,62 > 0. / is continuous in the compact 
region TZ and hence \ f{x,y)\ < M = sup-j^ \ f\. Apply Cauchy's inequality to 
/ as a holomorphic function of x for |x| < R^ to find 

I , ^ sup|^|<^_ \f{x,y)\ ^ M 
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But Cm{y) is holomorphic for \y\ < with expansion Cm{y) = '^nXi^mnV 
so that applying Cauchy's inequahty again gives 

{y)\ ^ M 



Thus f{x,y) = J2m>o^n>o^"T-'ri-^"^y^ absolutely convergent for \x\ < R-, 
\y\ < S-. Hence c„(x) = YlimXd^^nX'^ converges for < i?_ and / is 
holomorphic in y with convergenF expansion /(a;, y) = Yln>o ^n{x)y"' for \y\ < 
S^. We may then choose 61,62 sufficiently small to show that the result 
follows for all |x| < R, \y\ < S. □ 

Proposition 3.12. Suppose thattu^^"^ is a holomorphic function of a complex 
parameter /i for \fi\ < S. Then for |e| < rir2, uj^3^+92) j^g ^igg holomorphic in 
fi for < S. 

Proof. Suppose that cj(fi) is holomorphic in /i wlog. Then ai{k) and Ai{k, I) 
are holomorphic (and continuous) in /i for |/i| < S'. We now show that Xab 
is holomorphic in /i for \fi\ < S using Lemma 13.111 Using continuity of Ai 
and of Proposition 13.51 we find that for |/i + (5| < S 

(/ - lim(Xn(/x + 6)- Xn(/x)) = 0. 

But {I — A2A1) is invertible for |e| < rir2 from Prop osit ion 13 . 51 and so Xii(/i) 
is continuous for \^\ < S. A similar result holds for X12, X21 and X22. From 
Theorem 13.21 e~*^^+'^/^Xab(/c, Z) is holomorphic in e for |e| < rir2. Further- 
more, as explained in Proposition 13.51 the e expansion coefficients consist 
of a finite sum of finite products of Ai and A2 terms and thus they are 
holomorphic in /i for |/i| < S. We may therefore apply Lemma 13.111 to 
e~*^^^'^/^Xab(/c, Z) which is continuous in /i for < S and holomorphic in e 
for |e| < -R = rir2 with e expansion coefficients holomorphic in fi for |yu| < S. 
Thus e~'^'^+')/^X(jfe(A;, I) and therefore Xatik, I) is holomorphic in for < S. 

Finally consider (91+92) g^g given in (j44j) of Lemma f3. 41 Using arguments 
similar to those above we see that 

^(91+92) ig 

continuous in for < 5* and 
holomorphic in e for |e| < rir2 with e expansion coefficients holomorphic in 
/i for |/i| < S. Thus ci;^^^"*"^^) is holomorphic in n for \n\ < S. □ 

Corollary 3.13. Given the previous conditions then i^^^^^^^) holomorphic 
in for \^\ < S where |e| < rir2. □ 
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In conclusion, we similarly find by applying Proposition 13. 12l to (|65|) that 



Proposition 3.14. Suppose that tu^^'^^ is holomorphic in fi for < S. 
Then det(/ — A1A2) is non-vanishing and holomorphic in /x for < S and 
|e| < rir2. □ 

4 Sewing Two Tori to form a Genus Two Rie- 
mann Surface 

We now specialize to the case of two tori sewn together to form a genus two 
Riemann surface. We first consider an elementary description of a disk on 
a torus compatible with SL{2, Z) modular-invariance. We then apply the e 
formalism in order to sew two punctured tori with modular parameters Ti 
and T2 together to form a genus two Riemann surface with period matrix 
(ti, r2, e) G IHI2, where fi^^^ is holomorphic in (ri, T2, e) G for a suitably 
defined domain T)^. We provide an alternative description of fi^^-* in terms 
of the sum of weights of particular "necklace" graphs. We then describe 
the equivariance properties of this holomorphic mapping from to HI2 with 
respect to a certain subgroup G C S'p(4, Z), and prove that it is invertible in 
a certain G-invariant domain. 

4.1 A Closed Disk on a Torus 

A complex torus S (that is, a compact Riemann surface of genus 1), can be 
represented as a quotient C/A, where A is a lattice in C. Moreover, two such 
tori Sa,a = 1,2 are isomorphic if, and only if, the lattices are homothetic, 
that is, there is a ^ G C* such that A2 = ^Ai. 

A framing of 5 = C/A is a choice of basis (o", such that the modulus 
r = cr/q satisfies r G Hi. We say that the basis (cr, ^) is positively oriented 
in this case. A pair of framed tori {C/Aa,(7a,^a),o- = 1;2 are isomorphic if, 
and only if, there is a ^ as above such that ((T2, <^2) = ^(o"!, <^i). The modulus 
T depends only on the isomorphism class of the framed torus, and there is a 
bijection 

{isomorphism classes of framed tori} — * Hi, (71) 

(C/A,(T,^) ^ a/q. 
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SL{2, Z) is the group of automorphisms of A which preserves oriented 
bases. It acts on isomorphism classes of framed tori via 



(^l (C/A, cr, ^) ^ (C/A, aa + k, ca + dq), 



and on Hi via fractional linear transformations 



a 



b \ ar + b 



c d J ' CT + d' 

With respect to these two actions, the bijection (ffTjl is SL{2, Z)-equivariant. 

In the following it is convenient to identify S with the standard fundamen- 
tal region for A determined by the basis, and with appropriate identifications 
of boundary. To describe a well-defined disk in S, define the minimal length 
of A as 

D(A) = min lAI. (72) 

Ot^aga 

It obviously satisfies 

Dm = \^\D{A). (e^O) (73) 

We may now describe a closed disk on S. The proof follows from the 
triangle inequality. 

Lemma 4.1. For p G S, the points z E S satisfying \z — p\ < kD{A) define 
a closed disk centered at p provided k < ^. □ 

Let iS be a complex torus of modulus r. Among all homothetic lattices 
A for which define S = C/A, it will be convenient to work with the lattice 

At- which has basis (27rir, 27ri). Note that for 7 = ^ ^ ^ ^ SL{2,'L) we 
have 

\CT + a\ 
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4.2 The Genus Two Period Matrix in the e FormaUsm 



We now apply the e-formalism to a pair of tori Sa = C/A^ with local co- 
ordinates Za, where has oriented basis (c'"a,^a) and = (Ja/^^a G Hi for 
a = 1,2. We shall sometimes refer to Si and ^2 as the left and right torus 
respectively. After Lemma 14.11 we may consider the annuli Aa centred at 
the origin of Sa described above, with outer radius < ^D{Aa). Following 
the prescription of Subsection 13. 2[ we sew the two tori by identifying the 
annuli Ai and A2 via the relation ^122 = e as in where |e| < rir2 < 
\D{Ai)D{A,). 

As discussed in Subsection 14.11 we take ((Xaj'Ja) = (27rirQ, 27ri) and qa = 
exp(27rira) for a = 1, 2. Define the domain^ 

V = {{n,T2,e) e HixHixC I |e| < iz}(A,jD(A,J}. (75) 

We now explicitly determine the period matrix^. 
Theorem 4.2. Sewing determines a holomorphic map 

-.V H2, 

(ri,r2,e) ^ n^^\n,T2,e). (76) 

Moreover il^'^^ = fi*^^^(ri, r2, e) is given by 

2mQ'S = 2mn + e{A2{I~AiA2)-^)il,l), (77) 
27^^^]g) = 2mT2 + e{Ai{I - A2Ai)-^){lA), (78) 
2mn^S = -e{I - AiA2y\lA). (79) 

Notation here is as follows: Aa{Ta,e) is the infinite matrix with {k,l)-entry 

(k+l)/2 

Aa{k, I, Ta, e) = ^=^C{k, /, Ta); (80) 
Vkl 



[1, 1) refers to the (1, l)-entry of a matrix with C{k, I, r) of 



^The superscript e nierely denotes that we are working in the e-formahsm, and should 
not be interpreted as a variable of any kind 

®The genus two period matrix is also described in [l] without proof and in a different 
notation. 
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Proof. The bilinear two form to^^^ is given by (|35|). Using (|2Up . the basis of 
1-forms (j42p with periods (2TTiTa, 27ri) is then given by 

aa{k,x) = ^ d) z~ P2{Ta,x - z)dz, 

2m Vk Jca(z) 

= Vke'/^Pk+iira,x)dx. (81) 

Now (jHOI) follows from (gHI), (1221) and (j221)- Note that (HH) implies that Oaik) 
of dnni) is 

aa{k) = el/24,1. (82) 

We therefore find fi^^) to be given by for |e| < rira < iD(A^jD(A^J. 

By Theorem 13 .91 0*^^^ is holomorphic in e for |e| < rir2 < |-D(At-J-D(At-2). 
The left torus bilinear form uj^^\x, y, Ti) is holomorphic in some neighborhood 
|ri — r{*| < S* of any point rj* G Hi. Hence we may apply Corollary 13.131 
with yU = Ti — rj^ for < S* to conclude that ^2^^^ is holomorphic in Ti. 
Similarly fi^^^ is holomorphic in T2, and by Hartog's theorem (e.g. |Guj ) l^'-^-' 
is holomorphic on "D^. □ 

The infinite matrices Aa{Ta, e) will play a crucial role in the further analy- 
sis of the e formalism. Dropping the subscript, they are symmetric and have 
the form: 



A{T,e) 



eE2{T) 






VSe'^E^ir) 

-3e^E^{T) -5V2e^Ee{T) 

lOe^ Eq{t) 

-5V2e^Ee{T) -Sbe^Esir) 



4.3 Chequered Necklace Expansion for il*^^) 

It is useful to introduce an interpretation for the expressions for il^'^^ found 
above in terms of the sum of weights of certain graphs. Let us introduce the 
set of chequered necklaces M . By definition, these are connected graphs with 
n>2 nodes, {n — 2) of which have valency 2 and two of which have valency 
1 (these latter are the end nodes), together with an orientation, say from left 
to right, on the edges. Moreover vertices are labelled by positive integers and 
edges are labelled alternatively by 1 or 2 as one moves along the graph e.g. 
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fci 1 fc2 2 fca 1 fc4 2 fcs 1 ke 



We also define the degenerate necklace Nq to be a single node with no edges. 
Define a weight function 



■.Af ^C[E2iTa),E^{Ta),Ee{Ta),e \ a= 1,2], 



k a I 

as follows: if a chequered necklace has edges E labelled as • — > • then 
we define 

uj{E) = Aa{k,l,Ta,e), 

cuiN) = llcoiE), (83) 

where Aa{k, I, Ta, e) is given by (plj) and the product is taken over all edges 
E of N. We further define u{No) = 1. 

Among all chequered necklaces there is a distinguished set for which both 
end nodes are labelled by 1. There are four types of such chequered necklaces, 
which may be further distinguished by the labels of the two edges at the 
extreme left and right. We use the notation ()37|) for a = 1,2, and say that 
the chequered necklace 

1 a « j b I 
• > • . . . • > • 

is of type ab . We then set 

J\fab = {isomorphism classes of chequered necklaces of type ab}, 
^ab = ^ ^{N), 

where Uah is considered as an element in <C[E2{Ta), E^ija), EQ^Ta), e | a = 1, 2]. 
It is clear that we may use this formalism to represent matrix expressions 
like those appearing earlier. Then we have 

Lemma 4.3. For a = 1, 2 we have 

^aa = UJaa = {I - AaAa)'^ (1,1) 
UJaa = iAaiI-AaAa)-')il,l). □ 

Thus we may conclude from Theorem 14.21 that 
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Proposition 4.4. For a = 1,2 we have 



(2) 



27Ti 



2m 



-.U)a 



□ 



4.4 Equivariance of 



In Theorem 14 .21 we established the existence of the analytic map F''. Here we 
establish the equivariance of this map with respect to a certain subgroup G of 
5*^(4, Z). We will employ the graphical representation for f2 = n*^^^(ri, r2, e) 
in terms of chequered necklaces discussed in the last subsection. 

As an abstract group, G is isomorphic to {SL{2, Z) xSL{2, Z)) xi Z2, i.e. 
the direct product of two copies of SL{2, Z) which are interchanged upon 
conjugation by an involution. There is a natural injection G Sp{4, Z) in 
which the two SL{2, Z) subgroups are mapped to 



ai 61 

10 

ci rfi 

1 



10 

02 62 

10 

C2 ^2 



and the involution is mapped to 



10 
10 
1 
10 



(85) 



In this way we obtain a natural action of G on HI2. The action on is 
described in the next Lemma. 



Lemma 4.5. G has a left action on as follows: 

e 



(7in,T2, 



72-in,r2,ej : 
(3.{Ti,T2,e) = (r2,ri,e), 
for (7i,72)e5L(2,Z)xSL(2,Z). 



ClTi + di' 

{Tul2T2,——r), 



C2T2 + 3,2' 



(86) 

(87) 
(88) 
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Proof. It is straightforward (and quite standard) to see that (j86|) - (I88|) 
formally define a (left) action of G on Hi x Hi x C. What we must show 
is that this action preserves the domain V^. For (3 this is obvious, and for 
elements (71,72) it follows from (fTIj) . □ 
We now establish the following result: 

Theorem 4.6. F'^ is equivariant with respect to the action of G, i.e. there 
is a commutative diagram for 7 G G, 

V ^ H2 
7 i i 7 

V ^ H2 

Proof. Fix (ri,r2,e) G V', with Q = F%n,T2,e) = [j^^ ^. Of 

course, each Qij is a function of (ri, r2, e). The action of G on H2 is given in 

(|36p ■ and in particular /? : i7 1-^ ( ] . Therefore from (|88|) we have 

\ "12 "11 / 

^22 ^12 

!l2 fill 



F^(/3(ri,r2,e)) = F^(r2,ri,e)= ( ) = /3(F^(ri, r2, e)). 



So the Theorem is true in case 7 = /?. To complete the proof of the Theorem, 
it suffices to consider the case when 7 = 71 lies in the 'left' modular group 
acting on ri. From (I^Uj). 



71 : fi ^ I -^"^'^^ -^"tf^. ) , (89) 



'12 ^ _ ^-l-"12 



and we are obliged to show that the matrix in display (jHn|) coincides with 
F''(7i(ri, T2,e)) = F^(7iri, T2, ^;p^^^^)- In other words, we must establish the 
following identities: 



— — = fiii 7iri,r2, — - , 90 

CiiZii + di CiTi + di 

Q12 



o = fii2(7iTi,r2, — -), (91) 

Cifiu + di CiTi + di 

^22- " , = fi22(7in,r2, '—^). (92) 

CliZii + di CiTi + di 
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Aa{k, I, Ta, e) of (jHU)) is a modular form of weight k + I for k + I > 2, whereas 
Aa{l, l,Ta,e) = eE2{Ta) enjoys an exceptional transformation law thanks to 

Using Lemma f4. 51 we then find that 

Ai(fc,/,7iri, '-—)) = (ciri + rfi)('=+')/2^Ai(ri,e) + «:4i<5n), (93) 

CiTi + di 

A^ikJ.T,, '—-)) = (ciri + di)"^'^'^/'^2(r2,e), (94) 

ClTi + di 



where 

e ci 



27ii CiTi + di 
It follows from Proposition 14.41 both that 



(95) 



cif2ii + di 

1 - KUii = — — , (96) 

CiTi + di 



and 



^ii{liri,T2, ^— -) 

ClTi + di 

= —r{aiTi + bi + ^uJn{liTuT2, ^—r))- (^^) 

CiTi + di 2m CiTi + di 

Consider a necklace N G A/ii of weight uj{N) and let iSii(A^) denote the 
set of all "broken" graphs formed from by deleting any n edges of type 

• — ^ • for all n > 0. Every such graph consists of n + 1 connected graphs 
A'"i, . . . Nn+i of type 11. From and (jU^ it is therefore follows that 

i i I i Nl,...N„ + l 

Summing over all we then find 



n n+1 



ClTi + di (ciTi + di] 

^ ' n>0 



K UJ 



11 



1 uJn 

(ciTi + di) 1 - KtUu 

c^ll 

Ci^ln + di' 
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where for the last equahty we used (jHSl)- Now (jHTj) yields 

o I 1 , , , , ^11 
i^ii(7iT-i,r2, —) = —riain + b 



CiTi + di CiT + di Ci^lu + (ii ' 

_ ai^ii + 61 
ci^ii + di ' 

which is the desired i\90\i . Similarly from Proposition 14.41 we have 

^12(71^,^2, — -— r) = ^7 ^—7T 7^^12(71 ^1,^2, ^ 



CiTi + di (ciTi + di) 2m ' ' CiTi + di 

Breaking necklaces of type 12 results in products over necklaces of type 11 
together with one necklace of type 12. Hence by a similar argument to that 
above we find 

. e uju 
^12(71^1,^2, —r) = 1 

_ (CiTi + di)uJi2 

Ci^ii + di 

so that f2i2(7iTi, T2, ^^^^^^ ) is as in (^1]) . Finally, 

^^22(71^, i"2, — y-r) = T"2 H 7^—^22(71^-1, T-2, — v-r)- 

CTi + di CiTi + di ZTTi CTi + Cti 

Breaking necklaces of type 22 results in products over necklaces of type 11 
together with one necklace of type 12 and another of type 21. Hence by a 
similar argument to that above we find 

1 e e . 

7^^22(71^,^2, 



(ciTi + di) 2ni cTi + di 

: (1-1^22 + ~. ) = ^22 ~ T~2 



2Txi 1 — Kuoii CiVLii + di 

leading to ()92|) . This completes the proof of the Theorem. □ 

4.5 Local Invertibility of about the Two Tori De- 
generation Point e = 

Let be the subset of for which e = 0. From Theorem 14.21 it is clear 
that the restriction of to induces the natural identification 



F' -.Vl ^ Hi X Hi C e2 

^ ( 

T2 



(ri,r2,0) ^ ( !: ° ). (98) 
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Vq corresponds to the set of points where the genus 2 Riemann surface de- 
generates into a pair of genus 1 surfaces with Q^'^^ = diag(f2^^'', ^^22)- We will 
consider the invertibility of the map F"^ in a neighborhood of a point in T>q. 
First we prepare a Lemma. 

Recall (e.g. [FK2] ) that a group H of homeomorphisms of a space X is 
said to act dis continuously on X if each point x G X has a precisely invariant 
open neighborhood under the action of H in the following sense (loc. cit.): 
the stabilizer Stab(x) of x in if is finite, and there is an open neighborhood 
of X such that hN n N = (p if h ^ Stab(x) and hN = N ii h e Stab(x). 

Lemma 4.7. Suppose that H acts dis continuously on a pair of spaces X, Y, 
and that F : X Y is a continuous H-equivariant map. Then the following 
hold: 

(a) If X E X and F{x) = y then there are precisely invariant open neighbor- 
hoods ( under the action of H) U C X and V ^ Y of x and y respectively 
with F(U) C V; 

(b) Suppose further that Stab{x) = Stab{y) and that the restriction of F to 
U is 1 — 1. Then F is 1 — 1 on the H -invariant domain UheH 

Proof. For part (a), let \^ be a precisely invariant open neighborhood of y in 
Y, U' a precisely invariant neighborhood of x in X, and set U = F~^{V)r\U' . 
Because F is if-equivariant then Stab(x) C Stab(|/), and from this it follows 
that U is also precisely invariant under the action of H. Now (a) follows. 

As for (b), suppose the contrary so that there exist ui,U2 G U and 
hi,h2 G H such that hiUi 7^ h2U2 and F{hiUi) = F{h2U2). Thanks to 
the equivariance of F it is no loss to assume that /i2 = 1, so that hiUi 7^ U2 
and F{hiUi) = F{u2). From the last equality we see that hiV fl 7^ 0, so 
that hiV = V and hi G Stab(?/). 

Therefore, hi G Stab(x) by hypothesis, and therefore hiU = U . But then 
hiUi and U2 G f/ are distinct points of U on which F takes the same value. 
This contradicts the assumption that F is 1 — 1 on f/, and completes the 
proof of the Lemma. □ 

We now have 

Proposition 4.8. Let x G Pq. Then there exists a G— invariant neighbor- 
hood C of X throughout which F*^ is invertible. 

Proof. Let x = {ti,T2,0). From Theorem 14.21 the Jacobian of F^ at x 
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satisfies 



12 



1 
1 
0-1 



By the inverse function tlieorem, tliere exists an open neigliborliood of x in 
tliroughout wliicli F"^ is invertible. Set = y. It follows immediately 

from (jUHj) that the stabilizers (in G) of x and y are equal. 

Next, it is well-known that the action ()3(ij) of Sp{2g,Z) on Mg is discon- 
tinuous. In particular, the action of G on IHI2 is discontinuous, furthermore 
from the case (7 = 1 it is easy to see that the action of G on Hi x Hi x C (and 
hence also on D'^) is also discontinuous. Choose precisely invariant neigh- 
borhoods (under the action of G) U, V of x, respectively y such that the 
conditions of part (a) of Lemma 14.71 hold. It is clear from the non- vanishing 
of the Jacobian that we may also assume that F"^ is 1 — 1 on U. Thus, we 
have achieved the hypotheses of part (b) of Lemma 14.71 That result tells us 
that the open neighborhood 



AC 



■yeG 



has the desired properties. □ 

We conclude this section with the explicit form of Q 
order We have from ((TTD to (USD that 



ri,r2,e) to 



2mnn = 2mTi + e^E2ir2) + Oie^), (99) 
27ri(]22 = 2TriT2 + e'^E2iTi) + 0{e^). (100) 
2mQu = -e{l + e^E2{n)E2{T2) + 0{e^)). (101) 

It is straightforward to check the equivariance properties described in The- 
orem 14.61 to the given order. In Appendix A more detailed expansions are 
provided. We may invert this relationship using Proposition 14.81 to find to 
order f2?o that 



n = nn-27nnl^E2in22) + oint2), (102) 

T2 = Q22-2mQl^E2{Qu) + 0{Qt^), (103) 
e = -27r2l]i2(l-(27rz)2(]22E2(nii)E2(^^22) + 0(fit2))- (104) 
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5 The p Formalism for Self- Sewing a Riemann 
Surface 



5.1 The General p Formalism 

In this section we review the general Yamada construction ^ for sewing a 
Riemann surface of genus g to itself to form a surface of genus g + 1. We 
consider examples of sewing a Riemann sphere to itself in some detail where 
the Catalan series arise in a surprising way. In the next section, this general 
formalism will be applied to the construction of a genus two surface where 
the Catalan series again plays an important role. 

Consider a Riemann surface S of genus g and let Zi, Z2 be local coordinates 
on S in the neighborhood of two separated points pi and p2- Consider two 
disks \za\ < Ta for > sufficiently small and a = 1, 2. Note that ri, r2 must 
be sufficiently small to also ensure that the disks do not intersect. Introduce 
a complex parameter p where |p| < rir2 and excise the disks 

{Za, \Za\ < \p\r^^] C S 

for a = 1, 2 to form a twice-punctured surface 

5 = 5\ U {zaAza\ < |p|rri}. 

a=l,2 

Here we again use the convention (j?7jl . We define annular regions Aa C S 
with Aa = {za, IpI^^s ^ < ka| < ^a} and identify them as a single region 
A = Ai — A2 via the sewing relation 

Z1Z2 = p, (105) 

to form a compact Riemann surface iS\{^i U A2} U ^ of genus g + 1. The 
sewing relation (|l(J5p can be considered to be a parameterization of a cylinder 
connecting the punctured Riemann surface to itself. Using the Yamada for- 
malism |l2| , and noting the notational differences, the genus g + 1 normalized 
differential of the second kind u^^'^^'' of (j^Hj) obeys 

Theorem 5.1 (Ref. ^Yj, Theorem 1, Theorem 4). (a) holo- 
morphic in p for \p\ < rir2. 

(b) limp^Q uj''^^^'' {x, y) = uj^^\x,y) for x,y E S . □ 
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Regarded as a power series in p, the coefficients of the analytic expansion 
of uj^^~^^^ in p can be calculated from u^^\ Let Ca{za) C Aa denote a closed 
ant i- clockwise oriented contour parameterized by Za surrounding the punc- 
ture at = on S. Note that Ci{zi) may be deformed to —C2{z2). Then 
similarly to Lemma f3. 31 we find jY] 

Lemma 5.2. 

u;(s+^)(x,y) = u;^^\x,y) + ^J2f M'^'Hz/, ^) f (106) 

1 O Cn iz] J 



for x,y E <S. □ 

For a,b = 1,2 and fc, Z = 1, 2, . . . we define weighted moments 

(fc+O/2 Iff , , 

Y-,,{k,l) = ^-^——i i u-%-'uj^^+^\u,v). (107) 



fc/ C^T^^y Jc^iu) JcUv) 

Note that ya6(^5 = ^a(^ We also define Y = (Yab{k, I)) to be the infinite 
matrix indexed by the pairs a, hand b, I. We define a set of holomorphic 1- 
forms on S 

a,{k,x) = ^—j= i ^-Vs)(x,zJ, (108) 



2T[i\/k JCa 



and define a{x) = {aa{k,x)) and a(x) = {aa{k,x)) to be the infinite row 
vectors indexed by a, . In a similar way to Lemma (3.41 we then have 

Lemma 5.3. LJ^^^^\x,y) forx,y E S is given by 

cj(9+i)(x,y) =cu(^)(x,?/) -a(x)(/-r)a(y)^. □ (109) 

We next compute the explicit form of Y in terms of the following weighted 
moments of u^^^ 

Jk+l)/2 Iff 

R,,{k,l) = ^ f f x-%-'J^\x,y) 

Vkl {^T^^r Jcaix) JcUy) 

x~^ab{l,x), (110) 



Vk 27ri jc4=^-) 

where Rab{k,l) = Ri^{l,k) and the extra minus sign is introduced for later 
convenience. We may consider R as an infinite block matrix (similar to Q of 

R={Rab{k,l)) ^ 



A 



(111) 
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with 

Jk+i)/2 r r 
A{k,l) = A{k,l,p) = ^ -=(h (h x-^y-^u^3\x,y) 

{2TTiyVkl Jci{x) Jciiy) 
(fc+0/2 p r 

B{k,l) = B{k,l,p) = ^ -=(p (p x-''y-^uj^^\x,y). (112) 

{2TTiyVkl Jc2{x) Jciiy) 

Similarly to Proposition 13.51 we find: 
Proposition 5.4. Yab{k,l) is given in terms of R by 

I -Y = {I - R)-\ (113) 

Here 

iI-R)-' = J2R- 

n>0 

and is convergent in p for \p\ < rir2. □ 

Likewise, similarly to Theorem 13.71 we may define det(/ — R) and find: 

Theorem 5.5. det(/ — R) is non-vanishing and holomorphic in p for \p\ < 
rir2- □ 

We can define a standard basis of cycles {oi, &i, . . . a^+i, on the sewn 
genus g + 1 surface as follows, where the set {oi, &i, . . . a^, hg] is the original 
basis. Then ag+i is defined as the contour C2 on S whereas is defined to 
be a path chosen in S from zi = Zq to Z2 = p/zq which points are identified 
on the sewn surface. Integrating ()109|) along a br cycle on S for r = 1, . . . g 
gives g holomorphic 1-forms for x E S 

zy(3+i)(a;) = jji9)(a:) - a{x){I - R)-^aJ, (114) 
where ar = (ar,a(^)) with 



ttr,a(^) = 




(115) 



We then find from ((201), (EH), dTTl) and (fTO that for r, s = 1, . . . 

27rzfi(f ^) = 2mnil^ - «,(/ -R)-'aJ. 
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The remaining normalized holomorphic one form t'^+V'' can be expressed 
in terms of the normahzed differential of the third kind uj^p^_p^ of (jH^ with 
weighted moments 



= / Htp. + i-ir^'—K'. (116) 

Then by Cauchy's theorem we find that |Y] 

Lemma 5.6 (op. cite, Corollary 5). The normalized holomorphic one 

f (9+1) • • K 

form Vgj^i IS given by 

a=l,2 • 



;ii7) 



Hence integrating ()117|) over a 6^ cycle and using ()109p we find for r 
!,...,(? that 



/•P2 



Finally Q^gJ^ig^i is described in |Y] : 
Lemma 5.7 (op. cite. Lemma 5). zs g'zven by 

a=1^2 "/^a '(^o) 

where the logarithmic branch is determined by the choice of the cycle bg^i as 
a path in S from Zi = zq to Z2 = p/ Zq. □ 

Substituting t'^+V'' from pi7j) one eventually obtains jYj 
2v^^^]^5^;+l = logp + Co - /5(J - i?)-^^^, 

where 



Z2 ^(«) 



Co = limj/ a;;f„p^-21ogn] 
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However from (j34j) we may express Cq in terms of the prime form 

= -\og{-z'Mz'MK^'\p2,Pif), 

where £z-^{u)\u=o = l/<(Pa) and using K^^\p2,pi) = -K^^\pi,p2). We 
therefore find altogether that 

Theorem 5.8. The genus g + 1 period matrix for \p\ < rir2 is given by 

2mni3+^^ = 27nnil^ - ar{I - , r, s = 1, . . . , ^, (118) 

2mQ%l\^ = / ui^) -f3{I-R)-^aJ, r = l,...,g, (119) 
Jpi 

2mn^g'^,% = \og{^-——^£— )-(3(i-R)-^pT^ ^^20) 

Zl{pi)Z2{p2)K(9){p2,piy 

where is holomorphic in p for < |p| < rir2 and the logarithmic 

branch is determined by the choice of the cycle □ 

We finally obtain the following holomorphic properties for lu^^^^^ , 
and det(/ — -R). The proof follows a similar argument to that for Propositions 
Em and EH 

Proposition 5.9. Suppose that o;^^-* is a holomorphic function of a complex 
parameter ji for < S. Then det(/ — R) is non-vanishing and both 
and det(/ — R) are holomorphic in p for |yu| < S with \p\ < rir2 whereas 
^(9+1) j^g holomorphic in p for \p\ < S with < |p| < rir2. □ 



5.2 Self-Sewing a Sphere to form a Torus 

It is instructive to consider two separate examples of sewing a Riemann 
sphere to itself to form a torus. The first is mainly illustrative whereas the 
second is related to some later genus two considerations wherein the Catalan 
numbers arise in an interesting and surprising way. In both cases co^^^ is given 
by with an appropriately identified modular parameter r. 
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5.2.1 Simplest Case 

Let iSo = C U {00} be the Riemann sphere with bilinear form ()70|) . Choose 
local coordinates zi = z m the neighborhood of the origin and Z2 = ^-j z' for 
z' in the neighborhood of the point at infinity. Identify the annular regions 
^ ka| < fa for a complex parameter q obeying |g| < rir2 via the 
sewing relation 

z = qz. (121) 

Note that the annular regions do not intersect on the sphere provided rir2 < 1 
so that |g| < 1. We then find jYj 

Proposition 5.10. q = exp(27rzr) where r is the torus modular parameter. 
Proof. The 1-forms ()108|) are 

ai{k,x) = \fkct^'^x''^~^dx, 
a2{k,x) = -v/A;g^'/^x^"Mx, 

so that A{k, I) = and B{k, I) = q^5k,i in piip giving 

I-R = diag(l - g, 1 - g, . . . , 1 - g^ 1 - g^ . . .) 

Hence Lemma (5.31 gives for x,y (z Sq 



Under the conformal map z \ogz we then verify Ci;^^^('U, f) = P2{t,u — 
v)dudv with u = logx and v = logy using (fTUj) where q = exp(27rir). The 
sewing relation (|12ip is then just the standard torus periodicity relation 
log z = log z' + 2mT. 

Alternatively, we may apply (jl2(J|) of Theorem 15.81 using Z2 = 1/ z — l/p2 
and then consider p2 00. Then K^'^^(p2,0) = P2 with 



(1) - ( 1 



^)dx so that /3a{k) = and z[{0)z'2{p2)K^^^{p2,0y = —1 independent of p2- 
This implies that 27rir = 27iiQ^ii = logg again. □ 

Remark 5.11. The modular transformation t r + 1 is generated by a 
continuous variation in the sewing parameter exp{i6)q for < 6 <27c. This 
corresponds to a Dehn twist hi ai + 61 in the hi cycle chosen in Lemma ^~l\ 
and Theorem \5.^ so that 27rzr2[\'' = logg is evaluated on the next logarithmic 
branch. 
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Remark 5.12. uj^^\x,y) and det(l — R) = Y[k>ii^ ~^ ^'^^ dearly holo- 
morphic for |g| < 1 as expected from Theorems \5. 1\ and 15. ,51 

5.2.2 General Self-Sewing of a Sphere and the Catalan Series 

For z & Sq choose local coordinates zi = z in the neighborhood of the origin 
and Z2 = z' — w for z' in the neighborhood of w G So- Identify the annuli 
\p\r2'^ < \z\ < ri and \p\ri'^ < \z' — w\ < r2 for \p\ < rir2 via the sewing 
relation 

z{z' -w)= p. (122) 

The two annular regions do not intersect provided \w\ > vi + r2 > ri + 
|pkr^ > 2|p|^/^. The lower bound occurs for ri = r2 = |p|^^^ and is realized 
when the two annuli become degenerate (infinitesimally thin) and touch at 
the point Zi = —Z2 = w/2 with w'^ = — 4p. Thus defining 

^ __P_ 

then X = i is the degenerate point. We define the Catalan series^ to be the 
series /(x) convergent for |x| < | satisfying 



X=7T^2- (123) 



Thus 



2x ^-^ n\n^\ 



X 

X + 2x' + + 14x' + O {X') , (124) 



The coefficients ^ {^+1) Catalan numbers which occur in a remarkably 

wide range of combinatorial settings e.g. [5t] . 



Proposition 5.13. For the sewing described by the torus modular 

parameter is q = f{x), the Catalan series. 

Proof. Define the Mobius transformation 

W ,Z — f ^ / N 



^The Catalan series is more usually defined to be 1 + f{x)- 
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where / = f{x)- Then with z = 'j.Z and z' = 'j.Z' the sewing relation (jl22j) 
becomes on using (jl23p 

Z = fZ'. 

Thus we recover the earher sewing relation of p21|) with modular parameter 

(1 = fix)- 

This result can be verified from (jl2(J|) of Theorem 15.81 as follows. With 
07*^°^ of (fTOj) the basis of 1-forms ()108|) is given by 

af{k,x) = Vkp^/^x-wy^-'dx, (126) 



with 



B(o) ^(0) 

^(0) 5(0)T 



0, B^''\kJ) 
. 1 1 



(_;^)(fc+0/2(_l)fc+l(fe^/_l)! 



X — W X 

w, 

\k/2 



)dx, 



(127) 



where the superscript indicates the genus of the sphere. After some calcu- 
lation, we find that r is given by 

2mT = 2mQ^^^ = bg ^ + 2 ^x' S^Ax), 



where Si^kix) = 1 and 



,fen-l+...+fcl 



fc„_l,...fci>l 

'k2 + fci - r 

ki 

for n > 1. We will show below that 



k' 

k>l n>l 



k + kfi—l 1 \ / + kn-2 1 



I'n— 1 



ryj/n — 



n-2 



J2s-M = a+fix)y 



(128) 



(129) 



n>l 
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which imphes ^.^^-^ ^x'' E Sn,k{x) = - log(l - x(l + /)) = log(l + /) from 

n>l 

()124j) . Therefore 2niT = logx + 21og(l + /) = log / so that g = / as claimed. 

It remains to prove Since Y.k^>i X^' {''^^k^^) = (1 - x)"^' - 1 we 

find for n > 1 that 



SnAx) = 




- Sn-l,k{x)- 



Repeating this process leads to 

N 

^^SnAx) = 

n=l 

where [ ]n denotes the A^*'' term in the continued fraction expansion 

of F = 1/(1 - xF) whose solution from (fm|l is F = 1 + /. □ 

Remark 5.14. The modular transformation r — >■ r + 1 zs generated by a 
continuous variation in the sewing parameter exp{i6)p for < 6 < 2it. 

Using Lemma (5 .HI and comparing to u^^^ of results in novel expres- 
sions for Eisenstein series En{q) for q = f{x)- Thus, for example, one finds 

Proposition 5.15. 

E2{q = fix)) = + + B^'^)-\l, 1), (130) 

where (1,1) refers to the {k,l) = (1,1) element of the infinite matrix (1 + 
5(o))-i. 

Proof. From ()1U9|) and ()126|) we have 

u^^'\x,y) = - a(°)(x)(/ - R^'Y\a^'Y{y)- 
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But uj^^\x,y) = uj^^\u,v) = P2{u — v,T)dudv with r = 2^1og/(x) from 
Proposition 15. I'M with x = 7.e" and y = 'j.e'" using p25j) . Then, on substi- 
tuting for u, V into uj^^\x, y) one eventually finds using ()127|) that 



k,l>l 

+{-ir\^^r\^r'v^'dudv. 



using 1 — / = (1 + — 4%. Expanding in m, v we then find that 

u^'\x,y) = [^—^-l^ + ^^(l+B^'Y\l,l) + Oiu,v)]dudv, (131) 
(m — f 12 1 — Ax 

from which the result follows on comparison with dni). □ 



6 Self- Sewing a Torus to form a Genus Two 
Riemann Surface 



6.1 The Genus Two Period Matrix in the p FormaUsm 

We now apply the p-formalism to sew a twice punctured torus with modulus 
T and punctures separated by w to form a genus two Riemann surface with 
period matrix ^1^'^\t,w, p). We will see that fi^^-* is holomorphic for (t,w,p) 
in an appropriate domain T)^. We again provide a description of ^l^'^^ in 
terms of a sum of weights of necklaces. There is a holomorphic mapping 
j?p ■ x>P —>■ M.2, and we describe its equivariance properties with respect to 
a certain group. The logarithmic contribution log(— p/i^^) to ^22^ in p2()j] 
gives rise to a subtle analytic structure which we discuss in some detail. 
Finally, we prove that is invertible in a certain domain. 

Consider a framed torus (cf. Subsection 14. 1|) S = C/A where A C C is a 
lattice with positively oriented basis {a, q) and modulus r = (t/<; G Hi. Define 
annuli Aa,cL = 1, 2, centered at ^ = and z = w of S with local coordinates 
zi = z and Z2 = z — w respectively. Take the outer radius of Aa to be 
Ta < |-D(A) and the inner radius to be \p\/ra, with \p\ < rir2 < |-D(A)^ (cf. 
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Lemma l4.ip . Identifying the annuli according to the sewing relation (jl(J5|) 
-2^1-2^2 = P gives rise to a compact Riemann surface of genus 2. 

As in the remarks following Lemma f4. 11 we now take A = A,- with basis 
(27rzr, 27ri) and with w in the fundamental parallelogram for A,- with sides 
(27rir, 27ri). As with the sphere example above, the two annuli must not 
intersect. This requires the inequalities |w — A| > ri + r2 > 2|p|^/^ to hold 
for A G A,-. Thus we find 

2|p|i/2 < < D(A,) -2|p|i/2_ 

Notice that this implies |p| < j^D{At-Y, which refines the inequality satisfied 
by p discussed above. As a result of this discussion, we see that the relevant 
domain in the p-formalism is the following^": 

= {(r, p) e Hi X C X C I \w-X\> 2|p|i/2 > 0, A G A J. (132) 

We may apply Theorem 15.81 to determine ^'•^^(r, w, p). We find: 

Theorem 6.1. Sewing determines a holomorphic map 

PP -.VP Hs, 

{t,w,p) ^ l](2)(r,u;,p). (133) 
Proposition 6.2. fi*^^^ = fi*^^)(r, w,p) is given by 

2mVLf} = 2niT - p(r{{I - R)~\l,l)), (134) 
2mdS = w- p^'^a{{(3{I -R)-\l)), (135) 
2«l]g = log(-— ^)-/5(J-i?)-ir, (136) 

where the branch of the log function in / ti,'/6]) is determined by the choice of 
the cycle 62- Here, R = R{t,w,p) = {Rab{k,l)) is an infinite matrix with 
indices k,l = 1,2,3, . . . and a,b = 1, 2; (3 = [3{t, w, p) = (/3a(fc)) is an infinite 
row vector; (1, 1) and (1) are the (1, 1)- and (1)- (block) entries of a matrix; 
cr(M) denotes sum over the entries of a finite matrix; and 

,T,w) C{k,l,T) 

C{k,l,T) D{l,k,T,w) 



R{k,l) = ^ 



(137) 



P' 



m = ^{P,{r,w)-E,{T))[-l,{~in (138) 

with notation as in Section\^ 

^°The footnote relating to H75|l concerning notation applies here too 
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Proof. Since uj^^\x,y) = P2{x — y)dxdy from (|2(jp we find that the set of 
1-forms (jl(J8j) with periods (27rir, 27ri) is given by 



ai{k, x) 
a2{k, x) 



ai{k,x,T, p) = Vkp''^'^Pk+i{T,x)dx, 
a2{k, X, T, p) = ai{k, x — w). 



The matrices A{k, I), B{k, I) in ()112j) are given directly from the expansions 
(OKjl and (jSni) which are convergent on V resuhing in (jl37|) . ai ^(A;) of (jll5|) 
is independent of a = 1, 2 with 



Hence 2Tri^l\^ is as stated from (jllSj) of Theorem 15 .81 for (r, w, p) E V^. From 
Example 13.11 we know that ujI^\{x) = {Pi{t,x — w) -- Pi{T,x))dx and the 
prime form is K^^\x, y) = K{t, x — y). We obtain the given moments (jl38|) 
of uo^^\q{x) from (jSH)). Hence since v^^\x) = dx, we find 2niQ^^2 is as given 
from ()119|1 of Theorem 15.81 for {t,w,p) G V^. Finally applying p2()|l with 
K^^\w,0) = K{t,w) we obtain for {t,w,p) G Vp. 

Q^^\t,w,p) is holomorphic in p for < |p| < rir2 from Theorem 15.81 
Proposition 15.91 then states that Q,'i^\t,w, p) is also holomorphic in r G Hi. 

We also need to show that ^•^■'(r, w,p) is holomorphic in w. Since Y = 
{I — R)~^ converges for \p\ < rir2 then, following an argument similar to that 
in Proposition l3.121 we find that 0,Ij{t, w, p) is continuous in w for (r, w, p) G 
v. The Weierstrass functions Pk{T,w) for > 1 are holomorphic in w. 
Hence the p expansion coefficients Q.[^\t,w, p) are holomorphic functions 
in w since they consist of finite sums and products of these Weierstrass 
functions. Hence, by Lemma f3. Ill {t,w, p) is holomorphic in w. Finally, 

(2) 

by Hartog's Theorem, Q.- is holomorphic on V^. □ 
6.2 Necklace Expansion for Q*^^) 

We introduce a graphical interpretation for the p period matrix formulas 
analogous to that described earlier for the e-expansion. Consider the set of 
necklaces Af = {N}: they are connected graphs with n > 2 nodes, n — 2 
of which have valency 2 and two of which have valency 1, together with 
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an orientation, say from left to right. Furthermore, each vertex carries two 
labels k, a with k a positive integer and a = 1 or 2. A typical necklace in the 
p-formalism looks as follows: 

ki,ai ^2^2 ^z^^Z k4,a4 
• ¥ • !> • ¥ • 

We define the degenerate necklace Nq to be a single node with no edges. 
Next we define a weight function 

u:^^ C[P2(r, w), P^{t, w), E^ir), E^{t), ^sM, 

k a lb 

If G A/" has edges E labelled as • — > • then we define 

Lj{E) = Rab{k,l,T,W,p), 

u;{N) = llu;{E), 

with Rab{k, I) as in (jl37j) and where the product is taken over all edges of A^. 
We further define uj{Nq) = 1. 

The necklaces with prescribed end nodes labelled {k, a; I, b) look as follows: 

k,a ki,ai ^2,12 l,b , , , 7\\ 

• — > • ... • — >• (type (/c, a; /, 0)) 

We set 

^k,a;if> = {isomorphism classes of necklaces of type {k, a; I, b)}. 
As in Lemma [4. 31 we obtain 
Lemma 6.3. We have for k,l > 1 

{i-R)-,\k,i)= J2 ^(^)- ° 

Finally it is convenient to define 

a,b=l,2 AfeA/'i,a;i,6 

a,6=l,2 k>l NeMk,a;i,b 

a,b=l,2 k>l NGjVi^a;k,b 

= E J2f^^(^M E ^(^)- (139) 
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Note that Rab{k,l) = Ri^{l,k), so that u^i = Uip. Then from Theorem 16.11 
we have 



Proposition 6.4. 



6.3 Equivariance of 

In Subsection 14.41 we defined a subgroup G C 5^(4, Z) which preserves the 
domain D^, and proved the equivariance of under the action of G. In 
this section we wish to establish analogous equivariance properties in the p- 
formalism. With this in mind, one might expect that the map F'' occurring in 
Theorem 16. H is the correct analog of F^. However, because of the logarithmic 
branch structure of ^22^ necessary to lift to a single- valued function 
on a certain covering space for V before the correct analogs can be 
established. 



6.3.1 Some Heisenberg and Jacobi-type groups 

In this subsection we consider some groups relevant to our enterprise, and 
start with certain subgroups of S'p(4, Z). For (a, 6, c) G I? set 



/i(a, 6, c) 



/ 1 h \ 

a 1 h c 

1 -a 

\ 1 / 



(140) 



with 



A = /i(l,0,0), 5 = /i(0,l,0), C = /i(0,0,l). 

The matrices p4()|l form a subgroup H C 5*^(4, Z) which is a 2-step nilpotent 
group with center isomorphic to Z and generated by C, and central quotient 
isomorphic to Z^. Note that we have the presentation 



H={A,B,C\ [A, B]C-^ = [A, B, G] = l). 



(141) 
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The 'left' modular group Fi (jSD) is also a subgroup of S'p(4, Z), and indeed 
it normalizes H according to the conjugation formula 



7 V(^*, V, w)7 = t;)7, w), 7 e Ti. (142) 
Here it was convenient to abuse notation, taking 
/ a 6 \ 



7 



10 
c 

\ 1 y 



eriand(u,t;)7 = (w,^^)( ^ ^ )• (143) 



In this way we get a subgroup L = HTi C Sp{4:, Z) which is a split ex- 
tension of S'L(2,Z) by H. Note that 2'(L) = (C), and that the central 
quotient J = L/Z{L) = Z^ xi S'L(2,Z) is the Jacobi group which figures in 
the transformation laws of Jacobi forms f jEZj ). 

Let H = {A, B) be the subgroup of H generated by A and B. It follows 
from ()14ip that H has the presentation 

H={A,B I [A, B] = C, [A, C] = [B, C] = 1), 

where we have set C = C^. We call H the Heisenberg group, though H 
and H (which are not isomorphic) are often confused in this regard. We see 
from (jl42p that \H : H\ = 2 and that Fi normalizes H. Thus Lq = HTi is a 
subgroup of L of index 2. 

Lemma 6.5. L acts on V as follows: 

IJ,{a,b,c).{T,w, p) = (r, w + 27riar + 27rz6, p), (144) 

The kernel of the action is Z{L), so that the effective action is that of J = 
L/Z{L). 

Proof Let us first work with the larger domain whereby we allow the triple 
{t,w,p) to lie in Hi X C X C. Then it is easy to see that the first equality 
defines an action of H with kernel (C), and that the second equality defines 
a faithful action of SL{2, Z). 
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Next we show that these two actions jointly define an action of the group 
L. To this end it is useful to rewrite (|145p more functorially in terms of the 
cocycle j(7, r) = cr + d, which satisfies 



Thus 



j(7i72,T) = j(7i,72i")j(72,^), 71,72 e ^i- 
'y.{T,w,p) = ( 7r, 



w 



P 



j(7,^)' j(7,i")^ 



and we have to show that 

7"V(a;, y, z)-i.{T, w, p) = ?/)7, z).{t, w, p). 
The right-hand-side of p47|l is equal to 

(r, w + 2ni{{ax + cy)T + bx + dy), p). 
The left- hand- side is equal to 

w p 



7 ^^^{x,y,z). ^T, 



7 



7" 



7r, 



7r, 



j(7,^)' j(7,^)^ 



w \ P 

+ 27rz(x7r + y), 



j(7,T") 'J(7,^)^ 
w + 27ri(a; (ar + 6) + ?/(cr + d)) p 



r. 



J (7,^) 

-|- 27Ti{x{aT + b) + y{cT + rf)) 



j(7,^)^ 
P 



(146) 



(147) 



j{l:^)3{l ^71") '(j(7,^)i(7 ^7^))^ 

= (r, w + 27rz(x(ar + 6) + ?/(cr + (i)),p) , 

where we used fll46p to get the last equality. This confirms ()147p . 

It remains to show that the action of L preserves P^, and for this it is 
enough to prove it for a set of generators. Bearing in mind the definition of 
V ()132|1 . the result is clear for p{x,y,z). To prove it for 7 G Fi, we must 
show that if (r, w, p) then 



w 



J (7,^) 



A 



> 2 



P 



(j(7,r))' 



1/2 



> 



(148) 



for all A e A^r- But A = jp^A' for some A' G A^, whence fll48j] reduces to 

|j(7,r)|-V - ^'1 > 2|j(7,^)rVl^^^ > 0- This follows from the fact that 
(r, w, p) G V , and the proof of the Lemma is complete. □ 
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6.3.2 Some covering spaces 



One sees that projection onto the first coordinate 

(r, w, p) ^ r, 

is locally trivial with contractible base Hi. Prom the long exact sequence 
associated to a fibration we obtain an exact sequence = 7r2(IH[i) T^iiF) — >■ 
7ii{VP) 7ri(ei) = 0, where F is the fiber. Thus, we have 7ri(D^) ^ 7ri(F). 
From Lemma 6.5, there is a free action of = H/Z{L) on each Sber pr\^{T). 
Furthermore, from the definition of we see that 

7ri(P7Z2) ^ 7ri(C/A,\{0})x7ri(C\{0}) 
^ H xZ. 



Here, H is the Heisenberg group of the previous subsection. 

We need to describe this identification carefully. Consider the usual real- 
ization of C/Ar as the fundamental parallelogram for with identification 
of sides, and let a, (3 be the cycles along the sides with periods 27riT, 27ri 
respectively. Define (5 to be a closed clockwise contour about an interior 
point of the parallelogram with local coordinate w — 0. Then there is an 
isomorphism of groups 

n,{C/Ar\{0})^H, 

Similarly, let rj denote a closed anti- clockwise contour about p = in the 
complex plane. Then 7ri(C \ {0}) = {rj). 

Let T>^ be a universal covering space of with covering projection 

There is a free action of the fundamental group if x Z on T>^, and we define 

VP ^VP/{r]-''5). 
Thus we have a sequence of covering projections 

■f)P Jl^'f)P Jl^X)" ^V/Z'^, (149) 
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where Pi = P4 o Ps- The action of Fi on V hfts (modulo the fundamental 
group) to an action on the universal cover. That is, there is a group G acting 
on V where G fits into a short exact sequence 

1 ^ H xZ^ G ^Ti^ 1. 

We have Z{G) = Z{H) x Z, in particular r]~'^6 G Z{G). It follows that G 
acts on V'^, and there is a sequence of surjective group maps 

G G/{r]-^6) ^L^Ti (150) 

in which the four groups act on the corresponding spaces in ()149|) . 

6.3.3 Lifting the logarithm l(x) 

______ 

From ()136|) . the logarithmic contribution to f222 

l{x) = log(- / ), X = {t,w,p) G VP. (151) 

The remaining parts cun, ujpi and u;^^ of fi^^^^ are single- valued on V since 
they are expressible in terms of the Weierstrass functions and Eisenstein 
series. Now K{t,wY = —9i{T,wY/ri{T)^ is a Jacobi form of weight —2 
and index 1 |EZj . so that exp/(x) = ^^^.'^^^ is single- valued. The way it 
transforms under the Jacobi group J can be read-off of Lemma 16.51 We find 
that 

exp /((a, 6).x) = exp(2'7ra^2r + 2aw) exp /(x), (a, 6) G (152) 

1 CiUp 

exp/(7i.x) = exp(- — — -)expZ(x), 71 G Fi, (153) 

Im CiT + di 

where (a, h) is the image of /i(a, 6, c) in J. For a given choice of the branch 
l{x), we therefore find that 

/((a, 6).x) = l{x) + 27ra^ir + 2aw + 27riA^(a, 6), (a, h) G Z^, 

for some N{a, h) G Z. 

Let l{x) be a lifting of l{x) to a single-valued function on V. K{t,wY 
is holomorphic for {t,w) G HixC with a zero of order two for each w G A,- 
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(see (fT5|)). Let x eV^ and pi{x) = x = {t,w,p). Using (|152p we find: 

l{a.x) = l{x) + 2mT + 2w + 2TTiNa, 
l{(3.x) = l{x) + 27riiV/3, 

1(1]. x) = l{x) + 2711, 

l{5.x) = l{x) + Am, 

for some Na, Np G Z. In particular, note tliat by composing tliese transfor- 
mations we confirm tlie relation [a, (3] = 6. We may define new generators 
a' = ari~^", (3' = (3ri~^P which satisfy the same relations and for which 
Na' = Npi = 0. Relabelling, we then obtain 

Lemma 6.6. With previous notation, we have 

l{a^P^-f''S'^.x) = l{x) + 2ma^T + 2aw + 2m{c + 2{ah + d)), (154) 

for a,b,c,d E Z. In particular, 

l{rj''^5.x) = l{x), 

so that I pushes down to a single-valued function I on T>f. □ 
From ()153j) we find for 7 G Fi that 

/(7i.x) = /(x) - 7^.^^ + 2vr^iV(7i), (155) 
2m CiT + di 

for some A^(7i) G Z. It is easy to see that ()155|1 is consistent with respect 
to the composition of 71,72 G Fi with a trivial cocycle condition A^(7i72) = 
-^(71) + ^(72)- Thus the extension ()15()|1 splits, in particular G contains the 
subgroup L = HTi and G = L x Z. Since L fl {r]~'^6) = 1 there is an injection 

L G/{v-'6), 

and through this map L acts on T)^. We can now read-off from p54|) and 
(|155|) that / transforms as followings: 

Theorem 6.7. The action of L on f)'^ satisfies 

i{p{a,b,c).x) = i{x) + 2ma'^T + 2aw + 2m{ab + c), p{a,b,c) E H, 

(156) 

h,.x) = m-^.^^, 7ieFi, (157) 
2m ciT + di 

where X E 'D^,P4,{x) = {t,w, p) . □ 
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6.3.4 Equi variance of pp and 

After the results of the previous subsection we know that lifts to a single- 
valued holomorphic function on V: 



Fp -.v e. 



2, 



X 



h^^\x). (158) 



By Proposition 16.41 we have 

2TTiVt\{{x) = 2niT — pujii{x), 
27rif2^2^(x) = w — p^^'^uji3i{x), 
2mhf^{x) = i{x) -Uf^^ix), 

where {t, w , p) = x = P4{x). 

Theorem 6.8. F^ is equivariant with respect to the action of L. Thus, there 
is a commutative diagram for 7 G L 

VP 

7 i i 7 

VP Ha 

Proof. It suffices to consider the separate actions of H and Fi, and we ffist 
consider that of H. From ()36|). elements of H act as follows: 

^ V ^12 + a^ii + + a^fin + 2afii2 + ah + c ) ^ ' 

We must show that the matrix in ()159p coincides with FP{fi{a,b,c).x). Set 
X = (r, w, p). Using ()144|) . the periodicity of Pk{T, w) in w for k > 1, and the 
quasi-periodicity of Pi{t,w) (HH), we find that R{k,l) and P{k) satisfy 

R{k,l){{a,b).x) = R{k,l){x), (160) 
(3ik){{a,b).x) = /3ik)ix) + ap'^''5k,i. (161) 

Thus uu, ojpi and oj^p satisfy 

uii{{a,h).x) = uJn{x), 

upi{{a,b).x) = uJi3i{x) + ap^/^uju{x), 

ujpp{{a, b).x) = uJi3p{x) + a'^puju{x) + 2ap^/^c^^i(a;). 
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We therefore find 



Clii{lj{a,b,c).x) = r - ^uJii{{a,b).x) = Qu{x). 
Similarly, we have 

f2i2(/u(a, 6, c).a;) = iw + 2niaT + 2-^11) — p^^'^ujRiiia,h).x)) 

27rz 

= VLi2{x) + aVLii{x) + h. 
Now application of p5(j|l yields 

^22(/^(a,&,c).x) = ^(/(/i(a, 6,c).x) -u;^^((a,6).x)) 

= ^{^) + 27rza^r + 2aw + 27ii(ab + c) 

27ri 



^22 + o^f^ii + 2aiii2 + ab + c. 



This establishes equivariance of with respect to /f. 

As in the e-formalism, the exceptional transformation law (fT^ for E2 
plays a critical role in establishing Fi-equivariance of F^. Consider the action 

(jH^ of Fi on EI2. Since E2 appears only in R{1, 1) and ()145|) implies 

that 

R{k,l)i^i.x) = R{k,l){x) + K6k,Ai^ (162) 

mili-x) = (3{k){x) - K^6k,u (163) 

n = (164) 

CiT + di 2772 

We then have 

f^ii(7i-^) = T^("i^ + &i - '^-—uJii{-ii.x)). 

CiT + di 2711 CiT + di 

Similarly to Theorem 14.61 in the e formalism, p62|l implies that the trans- 
formation under 71 of the weight uj{N) for G A/i,a;i,fe is the sum of the 
weights of the product over all possible necklaces in Afi^a;i,b formed from N 
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by deleting the edges of type '•^ — > '•^ and multiplying by a k factor for 
each such deletion. From Proposition 16.41 and (jl64j) we obtain 

1 - KUJii = {ciQii + di)/ (cir + di). 

Then we find, much as before, that 



n>0 

{ciT + di)u;u{x) 
CiClii + di 



(165) 



Then Clu^'ji.x) is as given in (jSHI)- 
We next have 



CiT + di 2m 

and ()163|) imply that Ylik l^aik)uj{N) for G A4,a;i,b transforms under 
7i as a sum over the product with k factors of weights of necklaces in A/i,a;i,6 
and at most one necklace in Mk,a;i,b with a I3a{k) factor. Then one finds 

p^/^up^i^^.x) = ^ . . 

1 — KUii{x) 

^12 



w — 2Txi{ciT + di). 



CiVLii + di 



This implies f2i2(7i.x) is as given in (jEHI)- 
Finally, using ()157|1 we have 



1 ^ w"^ 

^22{ll-X) = —{l{x) + K UJp-p{-ii.x)). 

2m p 



Using a similar argument, ()162p and p63p imply that 

HLjj-^{x) -2K-^Upi{x) + K^^UJu{x) 



1 — KUJii 

u;^^(x) — K h 2m- 



P Cifiii + c/ 



Hence f^22(7i-£) is as given in (j89|l and hence Fi acts equivariantly. This 
completes the proof of the Theorem. □ 
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Remark 6.9. Much the same as in Remark \5.11l Q22 ^ ^^22 + ^ is generated 
by C corresponding to a Dehn twist in the connecting cylinder. 

We may also choose a branch of l{x) and consider the equivariance of 
on VP under the action of the subgroup Fi. 

Corollary 6.10. For any choice of branch for 1{x),Fp is equivariant with 
respect to the action o/Fi. Thus, there is a commutative diagram for G Fi, 

VP Ha 

7i i7 □ 

FP 

VP Ha 



6.4 Local Invertibility About the Two Tori Degenera- 
tion Limiting Point 

We now consider the invertibility of the Fp map in the neighborhood of a 
degeneration point. In the p-formalism this degeneration is more subtle than 
that of the e-formalism discussed in Subsection 14.51 Define the Fi-invariant 
parameter 

X = -4- (166) 

We will show that p, w — > for fixed x is the 2-torus degeneration limit. 
From ()132|) we have \w\ > 2\p\^^'^ (for A = 0) so that |x| < j- (Similarly to 
Subsection l5.2.21 x = | is a singular point where two degenerate annuli touch 
at Zi = —Z2 = w/2.) To describe this limit more precisely, we introduce the 
domain 

V^ = {{T,w,x)em,xCxC\ (r, w, -w\) evp,0< \x\ < \}. (167) 

Thanks to Theorem 16.11 and Corollary I6.10[ there is a Fi-equivariant holo- 
morphic map 

F^:V^ Ha, 

iT,w,x) ^ n^'\T,w,-w\). (168) 

Let 

V^ = {(r, 0, x) e Hi X C X C|0 < \x\ < \} 
denote the space of limit points where p,w ^ for fixed x 7^ 0. Then 
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Proposition 6.11. For {t,w,x) ^ U '"'^ /iofe 

27r2r]S5 = w,/1^{1 + w\1-4x)E2{t)G{x) + 0{w^)), 
27ctQf^ = logf{x)+w\l-Ax)E,{r)+0{w''), (169) 

where 

Gix) = ^ + E,iq = fix)), 



and f{x) is the Catalan series 

Proof. Note that P„(r, w) = ^,{l + w''E2{T){6n,2 - + 0{w^)) from © 
and (ini). Then (UnZD and (USHl) imply 

= i?W(A;,/)+w2^E2(r)5fcAi + 0(ti;'), 
f3{k) = f3^''\k){l-w'E2{T)6k,i) + 0{w^), 

log(- ^/ = logx + ^'i?2(r) + 0(^/;^). 

A (r, w)'' 

using p27j) . For w = these expressions are exactly those found in Propo- 
sition 15.1 HI for a torus formed from a sphere by sewing an annulus centered 
at z = to another centered ai z = w. Expanding p34|) with p = —x^^ to 
order w"^ implies 

27Ttnf^ = 2mT + w\a{{I - i?(°')-^(l, 1)) + 0{w^). 

But fpiHl implies 

- i?W)-i(l, 1)) = 2(/ + i?(°))-i(l, 1) = ^^l^Gix), (170) 

X 

leading to the stated result for . Similarly, for ^l\2 we find 

2mn^S = w[l - (-x)'/V(/3(°Hl - 

[1 + w'E,{r)xa{{l - R^''>)-\l, 1)) + 0{w% 

After some algebra and using ()123|) . ()128|) and p29p one finds 

n>l 

= l -2x(l + /(x)) 
l-4x. 
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The stated result for ^2^2^ then follows on using p70p again. Finally, for q!"22 
we find as above, using Proposition 15.131 that 



2-KiVL 



(2) 
22 



logx-/3(°Hl-i?(°^)-'^(°^^ 

+E2{t)w^[1 - (-x)'/V(/?W(l - /?(°))-i(l))]2 + 0{w' 
log fix) + w\l - Ax)E2{r) + 0{w^). □ 



The restriction of to induces the natural identification 



: 



(r,0,x) 



Hi X Hi C Ha 
r 
2^1og/(x) 



(171) 



i.e. fi*^^^ = diag(f2[^'*, ^22^). The invertibility of the Fi-equivariant map F^ in 
a neighborhood of a point in then follows: 

Proposition 6.12. Let x G ■ T'^en i/iere exists a Ti— invariant neighbor- 
hood C of X throughout which F^ is invertible. 



Proof. The proof is very similar to Proposition 
Jacobian of the F^ map at x is from p69p 



Let X = (r, 0,x)- The 



diT,w,x) 



1 

2^v/l^ 



1 



Att'^X 



7^0, 






1 fix) 

27ri fix) 



using f'{x) = /(x)/(xVl ~ 4%). By the inverse function theorem, there 
exists an open neighborhood of x G Vq throughout which F^ is invertible. 
The result then follows by choosing precisely invariant neighborhoods (under 
the action of Fi) U,V of x, respectively y = F^{x) such that the conditions 
of part (a) of Lemma 14.71 hold. The open neighborhood 



A/? 



has the required properties. 



□ 
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7 Mapping Between the e and p Parameteri- 
zations 



We have described in the previous sections two separate parameterizations 
for the genus two period matrix fi*^^^ based on either sewing two punctured 
tori in the e-formahsm or sewing a twice-punctured torus to itself in the p- 
formahsm. In this final section we show that there is a 1-1 mapping between 
suitable Fi— invariant domains in both parameterizations. 

Theorem 7.1. There exists a 1-1 holomorphic mapping between Ti — invariant 
open domains 2^ C and X'" C D'" where 2^ and X*^ are open neighborhoods 
of a 2-torus degeneration point. 

Proof. From Prop osit ion 14 . 81 there exists a G-invariant (and thus Fi— invariant) 
open domain A/"*^ C T)"^ such that the holomorphic map F*^ : A/"*^ — F'^{Af'^) 
is invertible with F^(A/''^) an open neighborhood of a given 2-torus degen- 
eration point fi^^-* = diag(n^^\ n22'')- Similarly, from Proposition 16.121 there 
exists a Fi-invariant open domain Af^ C such that the holomorphic map 
j?x ■ j\fx F^{M^) is invertible with F'^{M'^) an open neighborhood of 
diag((]S?,fig^). Define a Fi-invariant open neighborhood of diag(f2^^\ ^22^) 
by = F'^(A/'^)n F^{Af^). Hence, defining Fi-invariant open domains X^ = 
(i?x)-i(jn) and I' = {F')~\I^), we find (F^)"^ oF^:l^ is holomor- 

phic and 1-1. □ 

We conclude by displaying the explicit form of the 1-1 mapping to order 
w^, obtained by combining the expansions of ()l()2|l - ()l()4j) and Proposition 

Em 

ri(r,w;,x) = r + ^.w^{l - Ax)^ + 0{w^), 
zm 12 

e(r,w,x) = - 4x(l + ^'^2^(1 - Ax) + 0(w^)). (172) 

It is then straightforward to check that these relations are invariant under 
the action of Fi to the given order using (HH), (jH^ and ()145|) . 

Acknowledgement. The authors wish to thank Harold Widom and 
Alexander Zuevsky for useful discussions. 
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8 Appendix 



In this appendix we supply the exphcit form of the genus two period matrix 
$7^^^ of Theorem 14.21 in the e-formahsm to O(e^) and of Theorem 16. II in the 
p-formahsm to 0{p^). 

2mnf^ (ri, T2,e) = 2Txi9!§ (rg, n, e) 

= 27r?ri + Fse' + EsFa'e^ + (E2'i^2^ + 6 EiF2Fi)e^ 
+ (Ea^Fa' + 12 EiE^F^^F^ + 10 E^FiF^ + 30 E^F4')e^ 
+ 0{e'% 

27rzfiSJ(ri, ^2, e) = -e[l + F2i^2e' + {E^^F^^ + 3 F4i^4)e' 
+ (E2'i^2' + 9 E^E^F^F^ + 5 Fei^e)^' 
+ (£'2 F2 + 15 -E'2 -E'4-^2 -F4 + 5 E2EQF2FQ + 30 E2EQF4 
+ 30 E4'i^2i^6 + 9 F4'i^4' + TEsi^s)^'] + O(eii), 

where for brevity's sake of we have defined Ek = Ekiri) and Fk = Ek{T2). 
Similarly, in the p-formalism we find that n^'^\T,w, p) to 0{p^) is as 

27liT -2p+2{P2 + E2)p^ -2 {P2 + E2f p"^ 

+2i{P2 + E2f + 2Ps')p' + Oip'), 
w + 2Pip-2Pi{P2 + E2)p' 

+2[Pi (P2 + E2f + P3 {P2 - F2)]p' - 2[P3 (P4 + F4) 
+ Pi (P2 + E2)' + 2 P1P32 + P3(P2' - E2^)]p^ + O(p^), 

l0g(- ^2/ - 2 ^iV + [2 ^1' (^2 + i?2) + (P2 - i?2) V 

-[2 Pi^ (P2 + E2f + 2/3 P3' + 4 P1P3 (P2 - F2)]p' 
+ [1/2 P42 + 1/2 E42 + 3 (P4 - F4) (^2 - ^2)' + 2 Pi' (P2 + ^2)' 
-E4P4 + 4P3Pi(PiP3 + E4 + P4 + P2' - E2')]p' + 0{p''), 

Ekir) and Pk = Pk{w,T). 



follows: 

2ninf^ = 

27rinf^ = 

27rin^? = 



where Ek = 
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